In this paper, we improve two known invariant subspace theorems. More specifically, we show that a closed linear subspace M in the Hardy space H p (D) (1 ≤ p < ∞) is invariant under the shift operator M z on H p (D) if and only if it is hyperinvariant under M z , and that a closed linear subspace M in the Lebesgue space L 2 (∂D) is reducing under the shift operator M e iθ on L 2 (∂D) if and only if it is hyperinvariant under M e iθ . At the same time, we show that there are two large classes of invariant subspaces for M e iθ that are not hyperinvariant subspaces for M e iθ and are also not reducing subspaces for M e iθ . Moreover, we still show that there is a large class of hyperinvariant subspaces for M z that are not reducing subspaces for M z . Furthermore, we gave two new versions of the formula of the reproducing function in the Hardy space H 2 (D), which are the analogue of the formula of the reproducing function in the Bergman space A 2 (D). In addition, the conclusions in this paper are interesting now, or later if they are written into the literature of invariant subspaces and function spaces.
Introduction and Preliminary
It is well known that one of the most famous and most intriguing research topics in modern mathematics is the invariant subspace problem. (cf. and their references).
In particular, it is worth mentioning that it was the famous computer scientist and mathematician J. von Neumann who initiated the research work of the invariant subspace problem and its applications (cf. [4] and so on).
However, this problem remains still unanswered in Hilbert spaces, but for some concrete operators and classes of operators, there have been affirmative or negative answers. Moreover, the invariant subspace theory has extensive applications in many branches of mathematics as well as other science and technology fields (cf. and so on). Now, we recall some results which are directly and closely related to this paper, and state some key concepts used in this paper.
Let X be a normed space and let B(X) denote the algebra consisting of all bounded linear operators on X. Let T ∈ B(X) and let M be a closed linear subspace of X. If TM ⊂ M, then M is called an invariant subspace for T. In particular, if M = {0} and M = X, then M is called a nontrivial invariant subspace for T.
Let T ∈ B(X) and let M be a closed linear subspace of X. If SM ⊂ M for every S ∈ B(X) such that ST = TS, then M is called a hyperinvariant subspace for T. In particular, if M = {0} and M = X, then M is called a nontrivial hyperinvariant subspace for T.
Let H be a Hilbert space and let T ∈ B(H). Let 
and with the inner product
Let A p (D) denote the Bergman space consisting of all analytic functions f such that
Let M z be the operator on the Hardy space H p (D) defined by In 1949, the pioneering work of A. Beurling's [8] found a description of all invariant subspaces for the shift operator on the Hardy space. It is well known that in the first half of twentieth century, the research interest in Complex Analysis dipped to a low point. It was Beurling's work [8] that revived the research interest of Complex Analysis, and that opened a new research direction of the invariant subspace problem.
We now state the Beurling's theorem. Theorem A (Beurling's theorem) ([8] , [12] p. 246, [18] p. 99, [19, 20] , [21] p. 82, [24] p. 49, [35] p. 348, [28] p. 42). Let M z be the shift operator on the Hardy space H p (D). Then the following statements are equivalent.
(1). M is a nonzero invariant subspace for M z . (2) . There exists an inner function φ such that M = φH p (D). Moreover, in Theorem A, φ is uniquely determined by M up to a constant factor of modulus 1.
On the other hand, it is clear that a hyperinvariant subspace for any operator T is a invariant subspace for the operator T, but the converse is not necessarily true. For example, let φ ∈ L ∞ (∂D) and let M φ be the multiplication operator on the Lebesgue space L 2 (∂D) defined by
Let e n = e inθ and M n = span{e n , e n+1 , e n+2 , · · · }, n ∈ Z, where Z denotes the set of all integers including zero. It is easy to see that every M n is a nontrivial invariant subspace for M e iθ . Moreover, it is clear that M e −iθ M e iθ = I = M e iθ M e −iθ , where I denotes the unit operator on L 2 (∂D). Also, since
it follows that any M n is not a hyperinvariant subspace for M e iθ and is also not a reducing subspace for M e iθ .
However, we find every invariant subspace for the shift operator M z on the Hardy space H p (D) (1 ≤ p < ∞) is its hyperinvariant subspace (Theorem 1). This result is produced through the interaction of Operator Theory and Complex Analysis, and should have been a basic theory in the invariant subspace problem and Hardy spaces. Since there is no Beurling's theorem in the form of Theorem 1 in the existing literature (cf. [6, 8, 11, 12, 18, 21, 24, 28, 35] , as well as their references and so on), and since Beurling's theorem is one of the most famous theorems in modern mathematics, we shall state this theorem and give an almost self-contained proof in Section 2.
Moreover, there is a reducing subspace theorem in the Lebesgue space L 2 (∂D), which is also well known. Let M e iθ be the operator on L 2 (∂D) defined by
Then M e iθ is called the shift operator on L 2 (∂D). (1). M is a reducing subspace for M e iθ .
(2). There exists a measurable subset E on ∂D such that
It is easy to see from definitions and basic properties of the reducing subspace and the hyperinvariant subspace that a reducing subspace need not be a hyperinvariant subspace in general.
However, we find every reducing subspace for shift operator M e iθ on Lebesgue space L 2 (∂D) is its hyperinvariant subspace (Theorem 2), which can not be also found in the existing literature (cf. [6, 8, 11, 18, 21, 24, 28, 35] as well as their references and so on). In the next section, we will give this result.
Furthermore, we shall show that there is a large classes invariant subspaces for M e iθ on the Lebesgue space L 2 (∂D) that are not hyperinvariant subspaces for M e iθ and are also not reducing subspaces for M e iθ . At the same time, we still show that there is a large class of hyperinvariant subspaces for M z on the Hardy space H 2 (D) that are not reducing subspaces for M z .
Clearly, the conclusions in this paper are interesting now, or later if they are written into the literature of invariant subspaces and function spaces. Proof. By definition, every hyperinvariant subspace for M z is its invariant subspace. Thus by Theorem A, to show Theorem 1, it suffice to show that every nonzero invariant subspace M for M z is its hyperinvariant subspace. That is, to show that AM ⊂ M whenever A ia a bounded linear operator on H p (D) such that AM z = M z A. In fact, let U be the operator from It is easy to see that M e iθ | H p (∂D) = U M z U −1 . Since AM z = M z A, it follows that
That is, the shift operator M e iθ | H p (∂D) on H p (∂D) is commutative with the operator B. Thus it can be shown by means of a similar method of Theorem 3.2.5 in [24] that there is a function ψ ∈ H ∞ (∂D) such that B = M ψ , where M ψ is the multiplication operator on H p (∂D) defined by
That is, A = M ψ , where M ψ is the multiplication operator on H p (D) defined by
Moreover, it is not difficult to show that if ψ ∈ H ∞ (D) and f ∈ H p (D), then ψ f ∈ H p (D). On the other hand, since M is a nonzero invariant subspace, it follows from Theorem A that M = φH p (D). This implies that every function g(z) in M has the form g = φ f , where f ∈ H p (D). Thus we have
That is AM ⊂ M.
Note 1.
It is easy to see from the proof of Theorem 3.2.5 in [24] and Theorem 1 that it is impossible to show that A = M ψ directly in H p (D) by means of the (similar) method of Theorem 3.2.5 in [24] .
Note 2.
In 1978, S. Brown [9] has shown that every subnormal operator has a nontrivial invariant subspace, but it has not been known so far whether every subnormal operator has a nontrivial hyperinvariant subspace (cf. [15] p. 169 and so on).
Theorem 2.
Let M e iθ is the shift operator on L 2 (∂D). Then the following statements are equivalent.
(1). M is a reducing subspace for M e iθ .
(2). M is a hyperinvariant subspace forM e iθ . (3) . There exists a measurable subset E on ∂D such that 
Indeed, since M is a reducing subspace for M e iθ , it follows from Theorem B that there exists a measurable subset E on ∂D such that
Moreover, for each f ∈ M, let g(e iθ ) = φ(e iθ ) f (e iθ ).
Also, since f ∈ M, it follows that f ∈ L 2 (∂D) and f (e iθ ) = 0 a.e. on E. Thus by (2), g ∈ L 2 (∂D) and g(e iθ ) = φ(e iθ ) f (e iθ ) = 0 a.e. on E.
(b). We now show that (2) ⇒ (1). In fact, let M be a hyperinvariant subspace for M e iθ . Then M is an invariant subspace for M e iθ . On the other hand, it is easy to see that M * e iθ M e iθ = M e −iθ M e iθ = I = M e iθ M e −iθ = M e iθ M * e iθ , Therefore, M * e iθ is commutative with M e iθ . Also, since M is a hyperinvariant subspace for M e iθ , M is an invariant subspace for M * e iθ , so that M is a reducing subspace for M e iθ . (c). By (a), (b) and Theorem B, we obtain Theorem 2.
Some Applications
As applications of Theorems 1 and 2, we can obtain two corollaries below, which are two nontrivial examples in the invariant subspace problem, and can not be also found in the existing literature (cf. as well as their references and so on).
Corollary 1.
Let φ be an inner function, but not a constant function. Then M = φH 2 (D) is a nontrivial hyperinvariant subspace (of course, is a nontrivial invariant subspace) for the shift operator M z on the Hardy space H 2 (D), but is not a reducing subspace for M z .
Proof. Take φ 1 (z) ≡ 1 for all z ∈ D. Then φ 1 and φ are two inner functions. We now show that
Thus by the uniqueness in Theorem A, it would follow that φ = φ/φ 1 is a constant of modulus 1. This contradicts that φ is not a constant function, so that M = H 2 (D). Thus by Theorem 1, M = φH 2 (D) is a nontrivial hyperinvariant subspace for M z . Also since the only reducing subspace for M z are {0} and the whole space H 2 (D) ([28] p. 38, Theorem 3.5), M is not a reducing subspace for M z .
Corollary 2.
Let φ be a function in the lebesgue space L ∞ (∂D) such that |φ(e iθ )| = 1 a.e. on ∂D. Then M = φH 2 (∂D) is a nontrivial invariant subspace for the shift operator M e iθ on the Lebesgue space L 2 (∂D), but is not a hyperinvariant subspace for M e iθ and is also not a reducing subspace for M e iθ .
Proof. It is well known that M is a nonreducing invariant subspace for M e iθ if and only if there exists a function φ ∈ L ∞ (∂D) with |φ(e iθ )| = 1 a.e. on ∂D such that M = φH 2 (D) (see [28] p. 40, Theorem 3.9). Thus by Theorem 2, the conclusion is obtained.
Two Formulas of the Reproducing Function
It is well known that there are two formulas of the reproducing function in the Hardy space H 2 (D). More specifically, if f (z) is a function in H 2 (D), then we have (a). the Cauchy integral formula
(b). the Poisson integral formula
where f (e iθ ) = lim r→1 − f (re iθ ) a.e. on ∂D. It is also well known that there is a formula of the reproducing function in the Bergman space A 2 (D). More precisely, if f (z) is a function in A 2 (D), then we have the Bergman integral formula
Note that in the formula (5), the reproducing function f (z) is obtained by means of the integral of the function value of f in D; while in the formulas (3) and (4), the reproducing function f (z) is obtained by means of the integral of the boundary function f (e iθ ) of f . But we find that the reproducing function f (z) in the Hardy space can be also obtained by means of the integral of the function value of f in D as in the Bergman space. More specifically, if f (z) is a function in H 2 (D), then we have the following two formulas of the reproducing function.
(a )
Since there is no mention of the formulas (6) and (7) in the existing literature (cf. [11, [18] [19] [20] [21] 24 ,35] as well as their references and so on), we write down and prove these two formulas here, for sake of comparison with the formula of the reproducing function in the Bergman space, and for convenience of later references. Now we give the proof of formulas (6) and (7).
Proof. For each z ∈ D, write (3) and (4) where ·, · L 2 (∂D) denote the inner product in the Lebesgue space L 2 (∂D).
Conclusions
The main conclusions of this paper are as follows: (1) . M is an invariant subspace for the shift operator M z on H p (D) (1 ≤ p < ∞) if and only if it is a hyperinvariant subspace for M z .
(2). M is a reducing subspace for the shift operator M e iθ on L 2 (∂D) if and only if it is a hyperinvariant subspace for M e iθ .
(3). Every function f in H p (D) (1 ≤ p < ∞) can be reproduced by the integral of the function value of f in D as in the Bergman space.
